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Introduction and Statement of Main Results.
One of the oldest problems in analytic numbertheory consists of counting points with integer coordinates in the d-dimensional ball. It is very easy to nd a main term for the counting function, but the size of the error term is di cult to estimate. Namely the problem is to prove the approximate formula In dimension d = 1, 1 = 0 follows trivially. The problem is also settled when d 4. In this case, starting from a classical formula for the number of representations as sum of four squares and using elementary arguments, it can beproved d = d ; 2 (see for instance Fr] ).
The evaluation of d in the remaining cases d = 2, d = 3 is an outstanding problem in number theory and intractable by the methods of nowadays. The conjectures (supported by some mean results) are 2 = 1 =2 , 3 = 1 . The two dimensional problem is called \the circle problem" and it has a long history coming back to Gauss, who proved 2 1. In this century several authors gave some improvements of this result, very often creating new methods in the theory of exponential sums the best result so far is 2 46=73 due to Huxley Hu] .
The three dimensional case, the so called \sphere problem", is also closely related with the work of Gauss about the average of the class numberfor negative discriminants (see Art. 302 of Ga]). The literature about the sphere problem is not so wide as in the two dimensional case, although it seems more interesting because it has profound relations with others topics in numbertheory: class number,L-functions, etc. The best result until now was 3 4=3 due to Chen Ch] and Vinogradov Vi] . The purpose of this paper is to improve this bound ( 3 29=22 , see Theorem 1.1).
Before stating our main theorem we shall introduce some notation. First of all we de ne r 3 (n), for a positive integer n, to be the numberof representations as sum of three squares r 3 (n) = # f(n 1 n 2 n 3 ) 2 Z 3 : n 2 1 + n 2 2 + n 2 3 = ng and R 3 (n) to be the numberof primitive representations R 3 (n) = # f(n 1 n 2 n 3 ) 2 Z 3 : gcd (n 1 n 2 n 3 ) = 1 n 2 1 +n 2 2 +n 2 3 = ng :
These two functions are related by the formula In order to write some formulas in a more symmetric way, w e normalize r 3 (n) b y l(n) = r 3 (n) n ;1=2 :
The previous formulas show t h a t l(n) i s v ery similar to L(1 n ). In fact our method is based in that we can consider a sum of l(n) as a lattice point problem or as a sum of character sums. This duality allows us to employ, in di erent ranges, Poisson's summation or Burgess' inequality Bu]. Let S(R) be the number of lattice points in the sphere of radius R and S(R H) bethe numberof lattice points between the spheres of radius R and R + H, i.e. Remark. One should beable to establish an asymptotic formula for the mean value of h(;n) with an error term as good as in Theorem 1.1. We intend to deal with this problem in another occasion.
S(R) =

A summation formula for l(n).
In this section we shall establish Lemma 2.1. If f 2 C 3 0 ; 0 1) with f 00 (0) = 0 then
where e f is the sine Fourier transform e f( ) = 2
Proof. By our hypothesis on f, the function g(x y z) = f( p x 2 + y 2 + z 2 ) p x 2 + y 2 + z 2 can be extended to a C 2 0 function in R 3 and then by the classical Poisson summation formula we get
The Fourier transform of a radial function is radial, therefore we can suppose that the point (n 1 n 2 n 3 ) is on the z-axis, in which case by a change to spherical coordinates it follows easily that b g(n 1 n 2 n 3 ) = e f( p n 2 1 + n 2 2 + n 2 3 ) p n 2 1 + n 2 2 + n 2 3 if n 2 1 + n 2 2 + n 2 3 6 = 0
hence the proof is complete.
3. Exponential sums over lattice points in spheres.
If we had chosen f(x) = x for 0 < x < R in Lemma 2.1 (actually one has to make some smoothing) then we could infer that S(R) Finally we apply Cauchy's inequality once more and put h = m 1 m 2 m 3 m 4 getting
(N +k 1 ) ( N +k 2 ) h :
Notice that k 1 6 = k 2 implies (N + k 1 ) ( N + k 2 ) is not a square because k 1 k 2 < N 1=2 . Applying the Burgess bound Bu] to the innermost character sum we get S 8 K M k k 8 k k 8 K 2 ; K M 4 + K 2 (M 4 ) 1=2 (N 2 ) 3=16 (M N ) " and this concludes the proof. We shall consider separately the contributions of square and non-square m's. The squares contribute
where W denotes the contribution of the non-squares terms, i.e. 
